A two-di men sional steady con vec tive flow of thermo-micropolar fluid past a ver tical per me able flat plate in the pres ence of heat gen er a tion with uni form sur face heat flux has been an a lyzed nu mer i cally. The lo cal sim i lar ity so lu tions for the flow, microrotation (an gu lar ve loc ity) and heat trans fer char ac ter is tics are il lus trated graph i cally for var i ous ma te rial pa ram e ters en ter ing into
In tro duc tion
A micropolar fluid is the fluid with in ter nal struc tures in which cou pling be tween the spin of each par ti cle and the mac ro scopic ve loc ity field is taken into ac count. The clas si cal the ories of con tin uum me chan ics are in ad e quate to ex plicit the mi cro scopic man i fes ta tions of such com plex hy dro dy namic be hav ior. The dy nam ics of micropolar flu ids, orig i nated from the theory of Eringen [1] has been a pop u lar area of re search for the last few de cades as this class of fluids rep re sents math e mat i cally many in dus tri ally im por tant flu ids that may be ap plied to ex plain the flow of col loi dal sus pen sions (Hadimoto et al. [2] ), liq uid crys tals (Lock wood et al. [3] ), poly meric flu ids, hu man and an i mal blood (Ariman et al. [4] ), body flu ids and many other sit u ations.
Ahmadi [5] pre sented so lu tions for the flow of a micropolar fluid past a semi-in fi nite plate tak ing into ac count mi cro-in er tia ef fects us ing a Runge-Kutta shoot ing method with Newto nian it er a tion. Soundalgekar et al. [6] stud ied the flow and heat trans fer past a con tin u ously mov ing plate in a micropolar fluid. Gorla [7] stud ied mixed con vec tion in a micropolar fluid from a ver ti cal sur face with uni form heat flux. Rees et al. [8] stud ied free con vec tion bound ary layer flow of micropolar flu ids from a ver ti cal flat plate while Mohammadein et al. [9] stud ied the same flow bounded by stretch ing sheet with pre scribed wall heat flux, vis cous dis si pa tion and in ter nal heat gen er a tion. Aissa et al. [10] stud ied joule heat ing ef fects on a micropolar fluid THERMAL SCIENCE: Vol. 13 (2009) past a stretch ing sheet with vari able elec tric con duc tiv ity. Markin et al. [11] ob tained sim i lar ity so lu tions for the mixed con vec tion flow over a ver ti cal plate for the case of con stant heat flux con di tion at the wall. Char et al. [12] have stud ied lam i nar free con vec tion flow of micropolar flu ids from a curved sur face us ing cu bic spline col lo ca tion method. Kelson et al. [13] stud ied micropolar fluid flow over a po rous stretch ing sheet with strong suc tion or in jec tion while Bhargava et al. [14] stud ied the same flow for mixed con vec tion in ves ti gat ing the ef fects of surface bound ary con di tions. Re cently, Bhargava et al. [15] also stud ied the above prob lem over a non lin ear stretch ing sheet.
The study of heat gen er a tion or ab sorp tion in mov ing flu ids is im por tant in prob lems deal ing with chem i cal re ac tions and those con cerned with dis so ci at ing flu ids. Pos si ble heat gener a tion ef fects may al ter the tem per a ture dis tri bu tion; con se quently, the par ti cle de po si tion rate in nu clear re ac tors, elec tronic chips and semi con duc tor wa fers. Rahman et al. [16] stud ied magnetohydrodynamic con vec tive flow of a micropolar fluid past a ver ti cal po rous plate in the pres ence of heat gen er a tion-ab sorp tion. Very re cently Rahman et al. [17] stud ied ra di a tive heat trans fer flow of micropolar fluid along a po rous plate im mersed in a po rous me dium.
In the pres ent study, we have ex tended the work of Rahman et al. [16] for free-forced con vec tion and in ves ti gate the heat trans fer char ac ter is tics of micropolar fluid com pared to the New to nian fluid along a heated ver ti cal po rous flat plate with vari able suc tion and uni form surface heat flux in the pres ence of heat gen er a tion. The sim i lar ity so lu tions are then ob tained numer i cally for var i ous pa ram e ters en ter ing into the prob lem us ing shoot ing method and dis cussed the re sults from the phys i cal point of view.
Math e mat i cal for mu la tion
Let us con sider a steady two-di men sional flow of a vis cous, in com press ible micropolar fluid of tem per a ture T 4 past a heated ver ti cal po rous flat plate and there is a suc tion ve loc ity v 0 (x) nor mal to the plate. The flow is as sumed to be in the x-direc tion, which is taken along the plate in the upward di rec tion and y-axis is nor mal to it. The flow con fig u ra tion and the co or di nate sys tem are shown in the fig. 1 .
As sum ing the vis cous dis si pa tion ef fects to be neg li gi ble, the gov ern ing equa tions con ti nu ity, mo men tum, an gu lar mo men tum and heat un der Boussinesq and bound ary layer ap prox i ma tion are as fol lows: where u and v are the ve loc ity com po nents along x and y co-or di nates, re spec tively, u = m/r is the ki ne matic vis cos ity, r -the mass den sity of the fluid, m -the co ef fi cient of dy namic vis cosity, S -the co ef fi cient of gyro-vis cos ity or as the vor tex vis cos ity, s -the microrotation com ponent nor mal to the xy-plane, u s = (m + S/2)j is the microrotation vis cos ity or spin-gra di ent viscos ity, j -the mi cro-in er tia per unit mass, T -the tem per a ture of the fluid within the bound ary layer, T 4 -the tem per a ture of the fluid out side the bound ary layer, U 4 -the ve loc ity of the fluid far away from the plate, c p -the spe cific heat of the fluid at con stant pres sure, k -the ther mal con duc tiv ity of the fluid, Q 0 -the heat gen er a tion pa ram e ter, g 0 -the ac cel er a tion due to grav ity, and b * -the vol u met ric co ef fi cient of ther mal ex pan sion. In the pres ent work we as sume that the mi cro-in er tia per unit mass j is con stant.
The ap pro pri ate bound ary con di tions -on the plate surface (y = 0):
(microrotation proportional to vorticity), and (5a)
-matching with the quiescent free stream (y ® 4):
where the sub scripts w and 4 re fer to the wall and bound ary layer edge, re spec tively. Pos i tive and neg a tive val ues of v 0 in di cate blow ing and suc tion, re spec tively, while v 0 = 0 cor re sponds to an im per me able plate. A lin ear re la tion ship be tween microrotation func tion s and the sur face shear ¶u/ ¶y is cho sen for in ves ti gat ing the ef fect of dif fer ent sur face con di tions for microrotation. When microrotation pa ram e ter n = 0 we ob tain s = 0 which is a gen er al iza tion of the no-slip con di tion i. e. the microelements in a con cen trated par ti cle flow clos est to the wall are not able to trans late or ro tate as stated by Jena et al. [18] . The case n ¹ 0 states that microrotation is equal to the fluid vorticity at the bound ary that is in the neigh bor hood of a rigid bound ary, the ef fect of microstructure is neg li gi ble since the sus pended par ti cles can not get closer to the bound ary than their ra dius. Spe cif i cally the case n = 0.5 rep re sents van ish ing of the anti-symmet ric part of the stress ten sor and rep re sents weak con cen tra tion. For this case Ahmadi [5] suggested that in a fine par ti cle sus pen sion the par ti cle spin is equal to the fluid ve loc ity at the wall. The case cor re spond ing to n = 1 be rep re sen ta tive of tur bu lent bound ary layer flows (see [19] . In eq. (5a), the last con di tion rep re sents uni form heat flux at the sur face of the plate.
Trans for ma tion of model
A stream func tion y de fined by u = ¶y/ ¶y and v = - ¶y/ ¶x is in tro duced such that the con ti nu ity eq. (1) is sat is fied. To ob tain so lu tions, the gov ern ing eqs. (1)- (4) and bound ary condi tions (5) are first trans formed into lo cally self-sim i lar form be cause sim i lar so lu tion is more con ve nient to study. To do this, we now in tro duce the fol low ing trans for ma tions:
Since u = ¶y/ ¶y and v = - ¶y/ ¶x we have from eq. (6) that, u = U 4 f ' and 
Here f is the non-di men sional stream func tion, g -the dimensionless microrotation, and h -the sim i lar ity vari able and prime de notes dif fer en ti a tion with re spect to h. The ther mal bound ary con di tions de pend on the type of heat ing pro cess be ing con sidered, that is the pre scribed heat flux. De fine the tem per a ture dis tri bu tion as fol lows:
where T * = (2ux/U 4 ) 1/2 q w /k. Now sub sti tut ing eqs. (6)- (8) into eqs. (2)- (4) we ob tain:
where D = S/m is the vor tex vis cos ity pa ram e ter, l = 2g 0 b * xT * /U 4 2 -the buoy ancy pa ram e ter, x = jU 4 /ux -the mi cro-in er tia den sity pa ram e ter, Pr = k/rc p -the Prandtl num ber, and Q = = 2Q 0 x/rc p U 4 -the non-di men sional heat gen er a tion pa ram e ter.
The cor re spond ing bound ary con di tions (5) be come:
where f w = -v 0 (x)(2x/uU 4 ) 1/2 is the suc tion ve loc ity at the plate for f w > 0.The eqs. (9)-(11) are lo cally self sim i lar to gether with the bound ary con di tions (12) .
Skin fric tion co ef fi cient, plate cou ple stress, and Nusselt num ber
The quan ti ties of chief phys i cal in ter est are the skin fric tion co ef fi cient, plate cou ple stress and the Nusselt num ber (rate of heat trans fer). The equa tion de fin ing the wall shear stress is:
The lo cal skin fric tion co ef fi cient is de fined as:
Thus from eq. (14) we see that the lo cal val ues of the skin fric tion co ef fi cient C f is propor tional to ¢¢ f ( ) 0 . The equa tion de fy ing the plate cou ple stress is:
The dimensionless cou ple stress is de fined by:
Thus the lo cal cou ple stress in the bound ary layer is pro por tional to g'(0) We may de fine a non-di men sional co ef fi cient of heat trans fer, which is known as Nusselt num ber as fol lows:
where h(x) = q w /(T w -T 4 ) and q w is the quan tity of heat trans ferred through the unit area of the sur face. Now the rate of heat trans fer, in terms of the dimensionless Nusselt num ber, given by:
Thus from eq. (18) we see that the lo cal Nusselt num ber Nu x is pro por tional to 1/q(0). Hence the nu mer i cal val ues cor re spond ing to C f Re / x 1 2 , M x , and Nu x Re / x -1 2 are cal cu lated from eqs. (14), (16) , and (18) are shown in figs. (5)- (7).
Nu mer i cal so lu tion
The set of eqs. (9)- (11) are highly non-lin ear and there fore the sys tem can not be solved an a lyt i cally. The non-lin ear or di nary dif fer en tial eqs. (9)- (11) with bound ary con di tions (12) are solved us ing Nachtsheim-Swigert [20] shoot ing it er a tion tech nique with f w , D, Q, x, l, Pr, and n as pre scribed pa ram e ters. For a brief dis cus sion of the Nachtsheim-Swigert shoot ing it er ation tech nique au thors are sug gested to con sult the work of Maleque et al. [21] . Within the context of the ini tial value method and the Nachtsheim-Swigert shoot ing it er a tion tech nique the outer bound ary con di tions may be func tion ally rep re sented by the first or der Tay lor's se ries as:
with the as ymp totic con ver gence cri te ria given by:
where
, and a, b, and g sub scripts in di cate par tial dif fer en ti a tion, e. g., ¢ f a = ¶f '/ ¶f ''(0). The sub script 0 in di cates the value of the func tion at h max to be de ter mined from the trial in te gra tion. So lu tion of these equa tions in a least-squares sense re quires de ter min ing the min i mum value of E = (d 1 ing this nu mer i cal tech nique, a com puter pro gram was set up for the so lu tions of the gov ern ing non-lin ear par tial dif fer en tial equa tions of our prob lem where the in te gra tion tech nique was adopted as a sixth-or der Runge-Kutta method of in te gra tion.
A step size of Dh = 0.001 was se lected to be sat is fac tory for a con ver gence cri te rion of 10 -6 in all cases. The value of h 4 was found to each it er a tion loop by the state ment h 4 = h 4 + Dh 4 . The max i mum value of h 4 , to each group of param e ters f w , D, Q, x, l, Pr, and n is de ter mined when the value of the un known bound ary con ditions at h = 0 not change to suc cess ful loop with er ror less than 10 -6 . In or der to ver ify the ef fects of the step size Dh we ran the code for our model with three differ ent step sizes as, Dh = 0.01, Dh = 0.005, and Dh = 0.001 and in each case we found ex cel lent agree ment among them. Fig ures 2a -c, re spectively, show the ve loc ity, microrotation, and tem per a ture pro files for dif fer ent step sizes. From these fig ures it is clear that for suf fi ciently small val ues of Dh the so lu tions are in de pend ent of the step sizes.
To as sess the ac cu racy of our code, we re produced the val ues of f"(0), g'(0), and -q'(0), which are pro por tional, re spec tively, to the lo cal skin fric tion co ef fi cient, plate cou ple stress, and the rate of heat trans fer co ef fi cient con sid er ing the model of El-Arabawy [22] for Pr = 0.73 and N = 5.0 (vhere N is the ra di a tion pa ram e ter defined in [22] ). Ta bles 1-3 show the com par i son of the data pro duced by our code and that of El-Arabawy. In fact the re sults show a close agree ment, hence an en cour age ment for the use of the pres ent code for our model.
Re sults and dis cus sion
The pres ent work gen er al ized the prob lem of heat ing ef fects on a bound ary layer of a micropolar fluid over the po rous plate with variable suc tion, uni form sur face heat flux in the pres ence of heat gen er a tion. For the pur pose of dis cuss ing the re sults, the nu mer i cal cal cu la tions are pre sented in the form of non-di men sional veloc ity, microrotation, and tem per a ture pro files. In the cal cu la tions the val ues of suc tion pa ram e ter f w , vor tex vis cos ity pa ram e ter D, heat gen er a tion pa ram e ter Q, mi cro-in er tia den sity pa ram e ter x, buoy ancy pa ram e ter l, Prandtl num ber Pr, and microrotation pa ram e ter n are cho sen ar bi trarily.
Fig ure 2. (a) ve loc ity, (b) microrotation, and (c) tem per a ture pro files for dif fer ent val ues of Dh
The ex is tence of the free con vec tion cur rent is due to the dif fer ence in tem per a ture of the plate T w and the tem per a ture in the uni form flow, viz. T w -T 4 . Hence the dif fer ence may be pos itive, zero, or neg a tive de pend ing upon T w > T 4 . Then the val ues of l will as sume pos i tive, zero, or neg a tive val ues. Phys i cally l < 0 cor responds to an ex ter nally heated plate as the free con vec tion cur rents are car ried to wards the plate and l > 0 cor re sponds to an ex ter nally cooled plate while cor re sponds to the ab sence of free con vec tion cur rents. Since we are consid er ing cool ing prob lem, only pos i tive val ues of l are cho sen. The de fault val ues of the above-men tioned pa ram e ters which we con sid ered are f w = 0.5, D = 5.0, Q = 0.5, x = 0.5, l = 10.0, Pr = 0.73, and n = 0.5 un less oth er wise spec i fied. Fig ure 3a shows the ve loc ity pro files for dif fer ent val ues of suc tion pa ram e ter f w for a cool ing plate. It can be seen that for cool ing of the plate the ve loc ity pro files de crease monotonically with the in crease of suc tion pa ram e ter. When suc tion ap plies, the even tual state of the bound ary layer is of uni form thick ness in di cat ing suc tion sta bi lizes the bound ary layer growth. The free con vec tion ef fect is also ap par ent in this fig ure. For a fixed suc tion ve loc ity f w , ve loc ity is found to in crease and reaches a max i mum value in a re gion close to the plate, then grad u ally de creases to one . Fig ure 3b shows the microrotation (an gu lar ve loc ity) pro files for differ ent val ues of suc tion pa ram e ter. The an gu lar ve loc ity g re mains neg a tive for large val ues of f w whereas it has a ten dency to be come pos i tive for small val ues of f w . In gen eral, the an gu lar veloc ity of the microelements in creases with the in crease of f w very close to the sur face of the plate. As suc tion ve loc ity in ten si fies the microrotation of the microconstituents gets in duced near the sur face of the plate. Af ter a short dis tance from the sur face of the plate (h » 1) where kine matic vis cos ity is dom i nant these pro files over lap and then de crease with the in crease of f w . Within the bound ary layer re gion these pro files in crease from -0.5 f''(0) to zero as h in creases from zero to in fin ity. Fig ure 3c in di cates the tem per a ture pro files show ing the ef fect of suc tion pa ram e ter. It can be seen that tem per a ture de creases with the in crease of the suc tion pa ram e ter. De cel er ated fluid par ti cles close to the heated wall ab sorb more heat from the plate as a con sequence the tem per a ture of the fluid within the bound ary layer in creases. Suck ing these de cel erated fluid par ti cles through the po rous plate leads to the de crease of the tem per a ture pro files. Thus suc tion can be used for con trol ling the tem per a ture func tion, which is re quired in many engi neer ing ap pli ca tions like nu clear re ac tors, gen er a tors, etc .  Fig ure 4 a shows the ef fect of vor tex vis cos ity pa ram e ter D on the ve loc ity pro files for a cool ing plate. From here we see that, as D in creases, the max i mum of the ve loc ity de creases and the lo ca tion of the max i mum ve loc ity in creases and shifts away from the sur face of the plate. Increas ing D in ten si fies the con cen tra tion of the microconstituents near the bound ary as a con se - Fig ure 4b shows the ef fect of D on the microrotation pro files. From this fig ure we see that microrotation in creases with the in crease of the vor tex vis cos ity pa ram e ter. It is also un der stood that as the vor tex vis cos ity in creases the ro ta tion of the microconstituents gets in duced near the wall (h £ 1). Far away from the wall where ki ne matic vis cos ity dom i nates the flow these pro files over lap and de creases with the in crease of D. From fig. 4c we found in creas ing ef fect of D on the tem per a ture pro files. This fig ure also re veals that ther mal bound ary layer thick ness be comes large as D is in creased .  Fig ures 5a-5c , re spec tively, show the ve loc ity, microrotation, and tem per a ture pro files for dif ferent val ues of heat gen er a tion pa ram e ter Q. From fig. 5a it is ob served that when the heat is gen erated the buoy ancy force in creases which in duces the flow rate to in crease giv ing rise to the in crease in the ve loc ity pro files as a con se quence the momen tum bound ary layer thick ness de creases. Figure 5b shows the ef fects of heat gen er a tion on the microrotation pro files. The microrotation (an gu lar ve loc ity) is found to de crease as Q in creases because Q in creases the buoy ancy in the vi cin ity of the plate. But far away from the sur face of the plate where buoy ancy force is week these pro files in crease with the in crease of Q. Ow ing to the presence of heat gen er a tion it is ap par ent that there is an in crease in the ther mal state of the fluid. Hence from fig. 5c we ob serve that tem per a ture in creases as Q in creases. It is also ap par ent that the thickness of the ther mal bound ary layer in creases with the in crease of heat gen er a tion.
In figs. 6a-6c, re spec tively, we have var ied the mi cro-in er tia den sity pa ram e ter x keep ing all other pa ram e ters value fixed. From fig. 6a we see that as x in creases the in er tia of the microconstituents in creases as a re sult ve loc ity of the micropolar fluid de creases very close to the sur face of the plate (h » 1). Away from the ve locity sur face fluid ve loc ity in creases with the increase of x. From fig. 6b we see that microrotation pro files de crease with the in crease of mi cro-in ertia den sity pa ram e ter ex cept near the sur face of the plate where ki ne matic vis cos ity dom i nates the flow. From fig. 6c we see that the val ues of x in troduce neg li gi ble in creas ing ef fect on the tem per ature pro files.
In figs. 7a-7c, re spec tively, we have pre sented the phys i cal pa ram e ters skin fric tion co ef fi cient (sur face shear stress), plate cou ple stress and the rate of heat trans fer (Nusselt num ber) for differ ent val ues of suc tion pa ram e ter f w and vor tex vis cos ity pa ram e ter D. From fig. 7a we see that skin fric tion co ef fi cient de creases with the in crease of f w whereas for a fixed value of f w this coef fi cient in creases with the in crease of D. As D in creases the vor tex vis cos ity of the micropolar . plate cou ple stress de creases with the in crease of f w . It is also no tice able that M x in creases with the increase of D up to a cer tain value of f w then it de creases with the fur ther in crease of f w . From fig.  7c we ob serve that rate of heat trans fer in creases with the in crease of f w whereas this co ef fi cient de creases with the in crease of D .  Fig ures 8a-8c , re spec tively, show the skin fric tion co ef fi cient, plate cou ple stress, and the rate of heat trans fer for dif fer ent val ues of heat gen er a tion pa ram e ter Q, and buoy ancy param e ter l. From this fig ure we see that skin fric tion co ef fi cient in creases with the in crease of heat gen er a tion pa ram e ter for the case of free con vec tion (large l). In the ab sence of free convec tion (l = 0) this co ef fi cient re mains the same. For a fixed value of Q skin fric tion in creases with the in crease of l. Ef fects of Q and l on the plate cou ple stress are same as those of skin fric tion co ef fi cient. Fig ure 8c shows that rate of heat trans fer in creases with the in crease of l whereas this co ef fi cient de creases with the in crease of Q. The heat gen er a tion mech a nism increases the fluid tem per a ture near the sur face of the plate as a con se quence rate of heat trans fer from the plate to the fluid de creases. The buoy ancy pa ram e ter as well as heat gen er a tion pa ram eter has thus an im por tant role in con trol ling the tem per a ture. 
Con clu sions
In this pa per, we have in ves ti gated nu mer i cally the heat trans fer flow of thermo-micropolar fluid past a ver ti cal per me able flat plat with uni form sur face heat flux in the pres ence of heat gen er a tion. Us ing usual sim i lar ity trans for ma tions the gov ern ing equa tions have been trans formed into non-lin ear cou pled or di nary dif fer en tial equa tions and were solved for sim i lar so lu tions by us ing Nachtsheim-Swigert shoot ing it er a tion tech nique. Ef fects of the var i ous pa ram e ters such as suc tion pa ram e ter f w , vor tex vis cos ity pa ram e ter D, heat gen er a tion pa ram e ter Q, mi cro-in er tia den sity pa ram e ter x, and buoy ancy pa ram e ter l on the flow, microrotation, and tem per a ture pro files are ex am ined. The fol low ing con clu sions can be drawn as a re sult of the nu mer i cal com pu ta tions.
Skin fric tion (sur face shear stress) co ef fi cient de creases with the in crease of suc tion pa ram e ter and vor tex vis cos ity pa ram e ter, in di cat ing that these pa ram e ters ac cel er ate the flow re gime. Thus drag forces can be re duced by an in crease in the suc tion pa ram e ter and vor tex viscos ity pa ram e ter. Skin fric tion co ef fi cient in creases with the in crease of the buoy ancy pa ram e ter and heat gen er a tion pa ram e ter.
Plate cou ple stress in creases with the in crease of suc tion pa ram e ter for D < 2.7, vor tex vis cos ity pa ram e ter for small suc tion, buoy ancy pa ram e ter, and heat gen er a tion pa ram e ter.
The rate of heat trans fer in creases with the in crease of the suc tion pa ram e ter and buoyancy pa ram e ter. This co ef fi cient de creases with the in crease of the vor tex vis cos ity pa ram e ter and heat gen er a tion pa ram e ter. The in crease in heat trans fer rate in di cates a fast cool ing of the plate.
The skin fric tion co ef fi cient as well as rate of heat trans fer is lower in the micropolar fluid com pared to that of the New to nian fluid. 
